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1. INTRODUCTION
We will consider the following Cauchy problem for NavierStokes equa-
tions in three dimensional whole space
{
u
t
&& 2u+(u } {)u=&{p, in R3_(0, ),
(1.1)div u=0, in R3_(0, ),
u  0, as |x|  +,
u(x, 0)=a(x), in R3.
Here u=u(x, t)=(u1 , u2 , u3) and p= p(x, t) denote the unknown velocity
vector and the pressure of the fluid at point (x, t) # R3_(0, ), respec-
tively, while &>0 is the viscosity and a(x) is a given initial velocity vector
field.
Although a global weak solution of Eq. (1.1) was first constructed by
Leray in 1934, the fundamental problem on uniqueness and regularity of
weak solutions still remains open. So many efforts have contributed to this
problem and there appear a series of basic works focusing on it. These
works can be essentially divided into two groups. One is about the con-
struction of weak solutions which are more regular than the one known (cf.
[15, 8]), or which have additional properties (cf. [2]); another is about
the construction of strong solutions (cf. [3, 4, 6, 7, 1013, 18]). Because of
the absence of uniqueness of weak solutions, it is not clear whether the
properties of various weak solutions obtained by different methods coin-
cide. While the results known about existence of strong solutions were
either local (cf. [3, 4, 6, 7, 1013, 18]), or global only for sufficiently small
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initial data (cf. [3, 4, 7, 11, 18]), there is no real breakthrough on the
fundamental problem. It was pointed out by Heywood [9] that, in order
to solve this basic problem, we only need an appropriate a priori estimate
for smooth solutions, in terms of the given initial data, such as the
estimates supt0 &{u(t)&2 or sup0_[0, ) |u| , or others.
The first purpose of this paper is to show the existence of a global weak
solution u in some weighted space. Beira~ o de Veiga [2] constructed a
class of weak solutions which satisfy the local energy inequality, while
Ladyzhenskaya [15] obtained a class of weak solutions with second order
spatial derivatives and one order time derivatives, of p power summability
for 1< p54. Other properties of weak solutions were discussed in [8].
So in the present paper, the weak solution we obtained in weighted space
is different from one previously known.
The second purpose is to establish the global estimate supR3_[0, ) |u|
under the assumption of small given initial data, which leads to the global
existence of a strong solution. Estimates of L p&Lq norm of the semigroup
generated by the Stokes operator have been used previously to establish
existence theorems in L p(0, T; Lq(R3)) for q3 and 1p+32q12 (cf.
[3, 4, 6, 7, 11]). Global strong solutions were obtained in this space, with
&a&Lp(R3)+&a&Lp$(R3)( p$<3< p) small in [4], with &a&L3(R3) small in [11],
if f =0; with (&a&L2(R3)+& f &L1(0, T; Lq(R3))) &a&Lq(R3) and & f &Lq(R3_[0, T])(q>n)
small in [3], or with (&a&L2(R3)+& f &L1(R+; L2(R6)))(&a&2L6(R3)+& f &
2
L2(R+; L2(R6))
+& f &43L43(R+; L6(R3))) small in [7], if f {0. In this paper, we obtain a global
strong solution u which satisfies that u, t12 {u # L(0, ; L2(R3)), {u,
t12Au # L2(0, ; L2(R3)), and (1+|x|2) u # L(R3_[0, )), if the given
initial data are small, where A is the Stokes operator.
Meanwhile, the large time behavior of weak solutions has been studied
in detail by Schonbek [19], Kajikiya and Miyakaya [14], and Weigner
[23], while that of a strong solution with small initial data has also been
studied in detail, cf. Kato [11]. But there are no results about decay
properties at large distances. In the present paper, the solution we obtain
has a velocity field decadying at large distances as |x|&2. Similar weighted
estimates were obtained by Galdi and Simader [5] for steady state Navier
Stokes equations in exterior domains under the assumption of small given
data.
2. MATHEMATICAL PRELIMINARIES AND NOTATIONS
Let L p(R3), 1 p+, represent the usual Lesbegue space of scalar
functions as well as that of vector functions with norm denoted by & }&p .
Let C0, _ denote the set of all C
 real vector functions ,=(,1 , ,2 , ,3) with
compact support in R3, such that div ,=0. Wm, p(R3) is the usual Sobolev
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space of order (m, p). Let Wm, 2(R3)=Hm(R3) for m # R. J1 p, 1 p<, is
the closure of C 0, _ , with respect to & }&p , while V is the closure of C

0, _ in
H1(R3). Finally, given a Banach space X with norm & }&X , we denote by
L p(0, T; X), 1 p+, the set of function f (t) defined on (0, T ) with
values in X such that T0 & f (t)&
p
X dt<+, and W
2, 1
2 (QT)=[u | u #
L2(0, T; H 2(R3)), ut # L2(QT)] with QT=R3_[0, T]. Let P be the
Helmholtz projection from L p(R3)) to J1 p. Then the Stokes operator A is
defined by A=&P 2 with D(A)=H2(R3) & J1 2. In the end, by symbol C,
we represent a generic constant whose value is unessential to our aims, and
it may change from line to line.
We first consider the following linearized NavierStokes equations in R3
{
u
t
&& 2u+(b } {)u=&{p, in R3_(0, ),
(2.1)div u=0, in R3_(0, ),
u  0, as |x|  +,
u(x, 0)=a(x), in R3.
It is well known that there exists a unique solution u # W 2, 12 (QT) satisfying
(2.1), if b # W 2, 12 (QT) & J1
2 and a # V (cf. Ladyzhenskaya [15]). It is
obvious that
&u(t)&2&a&2 , |

0
&{u(s)&22 ds&
&1 &a&22 . (2.2)
Applying the fundamental solutions of the heat equation, u can be
expressed as
u(x, t)=(4?)&32 {|R3 t&32a( y) e&(|x& y|
2)4&t dy
&|
t
0
|
R3
(t&s)&32 (b } {) u( y) e&(|x& y|2)(4&(t&s)) dy ds
&|
t
0
|
R3
(t&s)&32 {p( y) e&(|x& y|2)(4&(t&s)) dy ds= .
Using the Green formula and estimate
{:e&C{C, (2.3)
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we deduce that
{
|u(x, t)|C(I1+I2+I3)
(2.4)
I1=|
R3
t&32 |a( y)| e&(|x& y|2)4&t dy
I2=|
t
0
|
R3
(t&s)&2 |b| |u| e&(|x& y|2)(6&(t&s)) dy ds
I3=|
t
0
|
R3
(t&s)&2 | p| e&(|x& y|2)(6&(t&s)) dy ds.
In order to show that &(1+|x|2)12 u&2 is well defined, we need the following
estimates.
Lemma 2.1. (Agmon Inequality). For any function u # H2(R3), the
inequality
&u&C &u&142 &u&34H2(R3) (2.5)
holds, where C is a constant independent of u.
For the proof, see Section 13 in [1].
Lemma 2.2. Let nonnegative measurable functions g # L p(0, T ) and
f(t) # L1[0, T]. If there exist positive constants b1 , b2 , : (0<:<1), such that
f (t)b1+b2 |
t
0
(t&s)&: g(s) f (s) ds \t # [0, T] (2.6)
and :p$<1(1p+1p$=1), then there exists a positive constant C inde-
pendent of b1 , such that
f (t)b1C, \t # [0, T]. (2.7)
Proof. Iterating (2.6), we get
f (t)b1+b1b2 |
t
0
(t&s)&: g(s) ds
+b22 |
t
0
|
s
0
(t&s)&: (s&{)&: g(s) g({) f ({) d{ ds
b1 \1+b2 \T
1&:p$
1&:p$+
1p$
&g&p+
+b22B
1p$(1&:p$, 1&:p$) &g&p |
t
0
(t&{) (&2:p$+1)p$ g({) f ({) d{,
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where B( } , } ) denotes the beta function. If &2:p$+10, using the
ordinary Gronwall inequality, (2.7) follows. Otherwise, we iterate (2.6) n
times to get
f (t)b1C1+C2 |
t
0
(t&s) (&2n:p$+2n&1)p$ f (s) g(s) ds.
Since :p$<1, we may take n such that
:p$1&
1
2n
<1.
Therefore
f (t)b1C1+C3 |
t
0
f (s) g(s) ds.
By the ordinary Gronwall inequality, we have (2.7). K
Lemma 2.3 (Multiplicative Inequalities). For any function u # W1, p(R3)
( p1), and r1, the inequality
&u&q; &u&1&:r &{u&
:
p
is valid, in which
:=\1r&
1
q+\
1
3
&
1
p
+
1
r+
&1
and ; is a constant independent of u.
Proof. See [16, Theorem 2.2, p. 62].
For the pressure, we observe that Eq. (2.1) imply that
2p=&:
i, j
2
x i x j
(b i uj). (2.8)
Then at any time
p(x, t)=&
3
4? |R3
1
|x& y|
2p( y) dy.
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Substituting (2.8) into the above equality and integrating by parts, we
deduce the expression for p(x, t) as
p(x, t)=Ci, j bi uj (x)&
3
4? |R3 :i, j
2
x i x j \
1
|x& y|+ bi ( y) uj ( y) dy.
Then the Caldero nZygmund theory on a singular integral operator (cf.
[20]) implies that
&p&rC &|b| |u|&r , 1<r<. (2.9)
Employing the weighted estimate on a singular integral (cf. Stein [21]), we
have
&(1+|x|2):2 p&rC &(1+|x| 2):2 |b| |u|&r (2.10)
for all 1<r< and : # R with &3r<:<3(1&1r). Applying expression
(2.4) and the Minkowski inequality, it follows that
&(1+|x|2)12 u&2C :
3
i=1
&(1+|x| 2)12 Ii &2 .
First we assume (1+|x|2)12 b # Lloc(0, ; L
2(R3)). In the latter part of this
section, C denotes a generic constant depending on T, &(1+|x|2)12 a&2 ,
and &b&W22, 1(QT ) . Utilizing Lemma 2.1, the Minkowski inequality, and the
Young inequality, by
(1+|x|2)a22:2((1+| y| 2):2+|x&y| :), :>0, (2.11)
we can estimate the terms at the right-hand side of the above inequality as
&(1+|x|2)12 I1&2
"|R3 t&32(1+|x|2)12 a( y) e&(|x& y|
2)4&t dy"2
C "|R3 t&32(1+| y| 2)12 a( y) e&(|x& y|
2)4&t dy"2
+C "|R3 t&32 |x& y| a( y) e&(|x& y|
2)4&t dy"2
C(&(1+|x|2)12 a&2+T12 &a&2),
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&(1+|x|2)12 I2&2
"|
t
0
|
R3
(t&s)&2 (1+|x| 2)12 |b| ( y) |u| ( y)e&(|x& y|2)(6&(t&s)) dy ds"2
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2)12 |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"2
+C "|
t
0
|
R3
(t&s)&2 |x& y| |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"2
C |
t
0
(t&s)&12 &(1+|x| 2)12 b&2 &u& ds+C |
t
0
&b& &u&2 ds
C(T )+C |
t
0
(t&s)&12 &u&34H2(R3) &(1+|x|
2)12 b&2 ds,
&(1+|x|2)12 I3&2
"|
t
0
|
R3
(t&s)&2 (1+|x| 2)12 | p( y)| e&(|x& y|2)(6&(t&s)) dy ds"2
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2)12 | p( y)| e&(|x& y|2)(6&(t&s)) dy ds"2
+C "|
t
0
|
R3
(t&s)&2 |x& y| p( y) e&(|x& y|2)(6&(t&s)) dy ds"2
C |
t
0
(t&s)&12 &(1+| y|2)2)12 p&2 ds+|
t
0
&p&2 ds.
Here we assume (1+|x|2)12 a # L2(R3) and use the facts (2.2), (2.3).
According to (2.9) and (2.10),
&p&2C &|b| |u|&2C &b& &u&2
and
&(1+|x|2)12 p&2C &(1+| y|2):2 |b| |u|&2C &u& &(1+|x|2)12 b&2 .
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Similar to the estimate of &(1+|x|2)12 I2 , we get
&(1+|x|2)12 I3&2C+C |
t
0
(t&s)&12 &u&34H2(R3) &(1+|x|
2)12 b&2 ds.
Therefore
&(1+|x|2)12 u&2C+C |
t
0
(t&s)&12 &u&34H2(R3) &(1+|x|2)12 b&2 ds
C+C &u&34L2(0, T; H2(R3)) &(1+|x|
2)12 b&2T 15.
In view of the above deducement, we may use the term &(1+|x|2)12 u&2 &b&
instead of &(1+|x|2)12 b&2 &u& , then through the exact same procedure
as before, we deduce that
&(1+|x|2)12 u(t)&2C+C |
t
0
(t&s)&12 &b&34H2(R3) &(1+|x|
2)12 u&2 ds.
Let f (t)=&(1+|x|2)12 u(t)&2 , g(t)=&b(t)&34H2(R3) . By Lemma 2.2, we show
that
(1+|x|2)12 u # Lloc(0, ; L
2(R3)). (2.12)
Since the constant in (2.12) does not depend on &(1+|x|2)12 b&2 , we may
drop the assumption that (1+|x|2)12 b # Lloc(0, ; L
2(R3)), by making
use of functions in C 0, _ to approximate b. Thus (2.12) is valid for
(1+|x|2)12 a # L2(R3) and b # W 2, 12 (QT). Similarly
(1+|x|2)12 {u # L2loc(0, ; L
2(R3)). (2.13)
In the following, we show that (1+|x|2) u(t) # Lloc(0, ; L
(R3))
provided that (1+|x|2) a # L(R3) and (1+|x|2) b # Lloc(0, ; L
(R3)).
In fact,
&(1+|x|2) u& :
3
i=1
&(1+|x|2) I i& .
Similarly, applying (2.10), (2.11), the Minkowski inequality, and the
Young inequality, we deduce
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&(1+|x|2) I1 &
"|R3 t&32(1+|x| 2) a( y) e&(|x& y|
2)4&t dy"
C "|R3 t&32(1+| y| 2) a( y) e&(|x& y|
2)4&t dy"
+C "|R3 t&32 |x& y| 2 a( y) e&(|x& y|
2)4&t dy"
C &(1+|x|2) a&+C &a& t
&(1+|x|2) I2 &
"|
t
0
| R3 (t&s)&2 (1+|x|2) |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2) |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
+C "|
t
0
|
R3
(t&s)&2 |x& y|2 |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C |
t
0
(t&s)&12 &(1+| y|2) b& &u& ds+C |
t
0
&|b| |u|&3 ds
C &(1+| y|2) b& |
t
0
(t&s)&12 &u&34H2(R3) ds+C |
t
0
&{b&2 &{u&2 ds
C &(1+| y|2) b& &u&34L2(0, T; H2(R3)) T15+C
&(1+|x| )2) I3 &
"|
t
0
|
R3
(t&s)&2 (1+|x| )2) | p| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2) | p| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
+C "|
t
0
|
R3
(t&s)&2 |x& y|2 | p| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C |
t
0
(t&s)12&32k &(1+| y|2) p&k ds+C |
t
0
&p&3 ds.
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Here k>0 will be determined later. By (2.9), (2.10), and the Sobolev
inequality,
&p&3C &bu&3C &{b&2 &{u&2
&(1+|x| )2) p&kC &(1+|x| )2) bu&kC &(1+|x| )2) b& &u&k
&(1+|x| )2) b& &{u&6k2 &u& (k&6)4k2 &u&
(3(k&6))4k
H2(R3) .
Thus
&(1+|x| )2) I3&C &(1+|x| )2) b& |
t
0
(t&s)&(k+3)2k
_&{u&6k2 &u&
(3(k&6))4k
H2(R3) ds+C
C &(1+|x|2)b& &{u&6kL2(0, T; L2(R 3))
_&u&3(k&6)4kL2(0, T; H 2(R 3)) T
(k&18)(5k&6)+C
provided k>18. Hence
(1+|x| )2) u # Lloc(0, ; L
(R3)). (2.14)
3. WEIGHTED ESTIMATES FOR LINEARIZED
NAVIERSTOKES EQUATIONS
First, we need the following decay result.
Lemma 3.1. Let a # V & J1 r(1r<2), b # W 2, 12 (QT) & V. Then
&u(t)&2CAr t&32(1r&12) \t>0, (3.1)
where Ar=&a&r+&a&2r +&a&22+M &a&2 . Here and later in this section, we
assume that
&b(t)&2M, \|
t
0
&{b&22 ds+
12
M, \t>0. (3.2)
The proof is the same as that of Theorem 1 given by Kajikiya and
Miyakaya [14]; there is only a slight change and the constant Ar needs to
be carefully calculated.
Lemma 3.2. Assume the conditions of Lemma 3.1 are satisfied and
(1+|x|2)12 a # L2(R3). Then
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&(1+|x|2)12 u&2
C(&(1+|x|2)12 a&2+&a&2 t12+&a&2 Mt14), (3.3)
|
t
0
|
R3
(1+|x|2) |{u|2 dx ds
C(&(1+|x|2)12 a&2+&a&2 t12+&a&2 Mt14)2, (3.4)
for all t>0.
Proof. By (2.12) and (2.13), R3 (1+|x|2) |u|2 dx and R3 (1+|x|
2) |{u|2 dx
are well defined. We multiply both sides of (2.1) by (1+|x|2) u and use the
Green formula to get
1
2
d
dt |R3 (1+|x|
2) |u|2 dx+& |
R3
(1+|x| 2) |{u|2 dx
2& |
R3
|{u| |u| |x| dx+|
R3
|b| |u|2 |x| dx+2 |
R3
p(x } u) dx
C &(1+|x|2)12 u&2(&{u&2+&b&4 &u&4+&p&2). (3.5)
Here we use the Ho lder inequality. Using expression (2.9) and Caldero n
Zygmund theory on a singular integral (cf. Stein [20]), we obtain that
&p&2C &bu&2C &b&4 &u&4 .
By the Ladyzhenskaya inequality (cf. Ladyzhenskaya [15]),
&b&4( 43)38 &b&142 {b&342 , &u&4( 43)38 &u&142 &{u&342 .
Substituting the above estimates into (3.5), it follows that
d
dt
&(1+|x|2)12 u&22& &{u&2+CM14 &a&142 &{b&
34
2 &{u&
34
2 .
So (2.2) and the last fact imply (3.3), and (3.4) follows from (3.3) and
(3.5). K
Lemma 3.3. Suppose the conditions of Lemma 3.1 hold. If a # L1(R3) &
J1 65, (1+|x|2)12 a # L2(R3) and
&b(t)&2CN(r) t&32(1r&12) (3.6)
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for 1r<2, we hold the estimate
&(1+|x|2)14 u(t)&p
C {&(1+|x|2)14 a&p+&a&1+(&(1+|x|2)12 a&122
+A1265+M
12 &a&142 A
14
65) &a&
12
2
_M (3( p&1))pN (3&2p)p \65+ B(3&2p)2p \1&
p
3& p
,
p
3& p+
+M12N12 \65+ A (3&2p)p65 &a& (3( p&1))p2
_B(3& p)2p \1& p2(3& p) ,
p
2(3& p)+= (3.7)
for all t0 with 65 p<32 and (1+|x|2)14 a # L p(R3), A65=&a&65+
&a&265+&a&
2
2+M &a&2 .
Proof. Applying the expression (2.4), we have
&(1+|x|2)14 u&pC :
3
i=1
&(1+|x| 2)14 Ii &p . (3.8)
Employing the Young inequality and the Minkowski inequality, (2.3) and
(2.11), we could estimate the right terms of (3.8) as
&(1+|x|2)14 I1&p
"|R3 t&32(1+|x|2)14 a( y) e&(|x& y|
2)4&t dy"p
C "|R3 t&32(1+| y| 2)14 a( y) e&(|x& y|
2)4&t dy"p
+C "|R3 t&32 |x& y| 12 a( y) e&(|x& y|
2)4&t dy"p
C &(1+|x|2)14 a&p+C &a&6p(6+ p)
C &(1+|x|2)14 a&p+C &a& p(6( p&1))1 &a&
(5p&6)(6( p&1))
p
C &(1+|x|2)14 a&p+C &a&1
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&(1+|x|2)14 I2&p
"|
t
0
|
R3
(t&s)&2 (1+|x| 2)14 |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"p
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2)14 |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"p
+C "|
t
0
|
R3
(t&s)&2 |x& y| 12 |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"p
C |
t
0
(t&s)&12 &(1+| y| 2)14 |b| |u|&p ds+C |
t
0
(t&s)&14 &|b| |u|&p ds.
Here we use the interpolation inequality
&a&6p(6+ p)&a& p(6( p&1))1 &a& (5p&6)(6( p&1))p .
Utilizing (2.2), (3.1)(3.3), and (3.6), by the Ho lder inequality and Multi-
plicative inequalities, the first term on the right-hand side of the last
inequality can be estimated as
|
t
0
(t&s)&12 &(1+| y| 2)14 |b| |u|&p ds
C |
t
0
(t&s)&12 &(1+| y| 2)12 u&122 &u&
12
2 &b&2p(2& p) ds
C |
t
0
(t&s)&12 &(1+| y| 2)12 u&122 &u&
12
2 &b&
(3p)&2
2 &{b&
3(1&(1p))
2 ds
CM (3( p&1))p "|
t
0
(t&s)&12 &(1+| y|2)12 u&122
_&u&122 &b& (3p)&22 ds"2p(3& p)
CM (3( p&1))p {&(1+|x| 2)12 a&122
_"|
t
0
(t&s)&12 &u&122 &b&
(3p)&2
2 ds"2p(3& p)
+&a&122 "|
t
0
(t&s)&12 s14 &u&122 &b&
(3p)&2
2 ds"2p(3& p)
+(M &a&2)12 "|
t
0
(t&s)&12 s18 &u&122 &b& (3p)&22 ds"2p(3& p)=
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CM (3( p&1))p &(1+|x|2)12 a&122 \|
t
0
(t&s)&p(3& p) s&(3&2p)(3& p)
_&a& p(3& p)2 N (2(3&2p))(3& p) \65+ ds+
(3& p)2p
+CM3&(3p) &a&122 \|
t
0
(t&s)&p(3& p) s p(2(3& p))&(3&2p)(3& p)
_A p(3& p)65 N
(2(3&2p))(3& p) \65+ ds+
(3& p)2p
+CM72&3p &a&342 \|
t
0
(t&s)&p(3& p) s&(3&2p)(3& p)A p(2(3& p))65
_N(2(3&2p))(3& p) \65+ ds+
(3& p)2p
C[&(1+|x|2)12 a&122 +A
12
65+&a&
14
2 M
12A1465]
_M 3&(3p) &a&122 N
(3&2p)p \65+ B(3&2p)2p \1&
p
3& p
,
p
3& p+ .
Here we use inequality (a+b+c)12a12+b12+c12 for a, b, c0.
Similarly, the second term on the right-hand side can be estimated as
|
t
0
(t&s)&14 &|b| |u|&p ds
|
t
0
(t&s)&14 &b&2 &u&2p(2& p) ds
C |
t
0
(t&s)&14 &b&2 &u& (3p)&22 &{u& (3( p&1))p2 ds
C \|
t
0
(t&s)&p(2(3& p)) &b&2p(3& p)2 &u&
(2(3&2p))(3& p)
2 ds+
(3& p)2p
_|

0
&{u&22 ds+
(3( p&1))2p
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C \|
t
0
(t&s)&p(2(3& p))M p(3& p)s&p(2(3& p))N p(3& p) \65+
_s&(3&2p)(3& p)A (2(3&2p))(3& p)65 ds+
(3& p)2p
&a& (3( p&1))p2
CM 12N 12 \65+ A (3&2p)p65 &a& (3( p&1))p2
_B(3& p)2p \1& p2(3& p) ,
p
2(3& p)+ .
For the estimate of &(1+|x|2)12 I3&p , by the Young inequality and the
Minkowski inequality,
&(1+|x|2)12 I3&pC |
t
0
(t&s)&12 &(1+| y|2)14 p&p ds
+C |
t
0
(t&s)&14 &p&p ds.
By (2.9) and (2.10),
&p&pC &|b| |u|&pC &b&2 &u&2p(2& p) (3.9)
and
&(1+| y|2)14 p&pC &(1+| y| 2)12 u&122 &u&122 &b&2p(2& p) . (3.10)
According to (3.9) and (3.10), it is obvious that the estimates of
&(1+|x|2) I3&p are exactly the same with &(1+|x|2) I2&p . Substituting
these estimates into (3.8), we hold our conclusion. K
Lemma 3.4. Let a # V & J1 32 & J1 p for 1 p<2 and (1+|x|2) a #
L(R3). If (1+|x|2) b # L(R3_R+) and (3.2) hold, then we hold estimate
&(1+|x| 2) u&C0 \&(1+|x|2) a&+&a&32+M &a&2
+B3p \12&
p
4
,
1
2
+
p
4+ &(1+|x|2) b&3p Ap + ,
where Ap=&a&p+&a&2p+&a&
2
2+M &a&2 .
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Proof. Let Ju=&(1+|x|2) u& . We still apply the expression (2.4).
Thus
JuC :
3
i=1
JIi .
By (2.14), supt # [o, T] &(1+|x|2) u& doesn’t exceed a constant depending
on T, &(1+|x| 2) a& , and &b&W22, 1(QT ) . Utilizing (2.2), (2.11), (3.2), and
Lemma 3.1, by the Minkowski inequality, the Young inequality, and the
Sobolev inequality, we deduce that
&(1+|x| 2) I1&
"|R3 t&32(1+|x|2) a( y) e&(|x& y|
2)4&t dy"
C "|R3 t&32(1+| y|2) a( y) e&(|x& y|
2)4&t dy"
+C "|R3 t&32 |x& y|2 a( y) e&(|x& y|
2)4&t dy"
C &(1+|x|2) a&+C &a&32
&(1+|x| 2) I2&
"|
t
0
|
R3
(t&s)&2 (1+|x|2) |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2) |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
+C "|
t
0
|
R3
(t&s)&2 |x& y| 2 |b| ( y) |u| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C |
t
0
(t&s)&2+(3(2m&1))4m &(1+| y|2) |b| |u|&2m ds+C |
t
0
&|b| |u|&3 ds
CJbJ (m&1)m |
t
0
(t&s)&12&34m &u&1m2 ds+C |
t
0
&{b&2 &{u&2 ds
CJbJ (m&1)mu A
1m
p |
t
0
(t&s)&12&34m s&12+34m ds+CM &a&2

1
3
Ju+CB3p \12&
p
4
,
1
2
+
p
4+ J 3pb Ap+CM &a&2 ,
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where 1 p<2, mp=3,
&(1+|x|2) I3 &
"|
t
0
|
R3
(t&s)&2 (1+|x| 2) | p| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C "|
t
0
|
R3
(t&s)&2 (1+| y| 2) | p| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
+C "|
t
0
|
R3
(t&s)&2 |x& y|2 | p| ( y) e&(|x& y|2)(6&(t&s)) dy ds"
C |
t
0
(t&s)&12&34m &(1+| y| 2) p&2m ds+C |
t
0
&p&3 ds.
By (2.9) and (2.10), it follows that
&p&3C &|b| |u|&3C &{b&2 {u&2
and
&(1+| y|2) p&2mC &(1+| y| 2) bu&2mCJb J (m&1)mu &u&
1m
2 .
Similarly
&(1+|x|2) I3 &
1
3
Ju+CB3p \12&
p
4
,
1
2
+
p
4+ Ap+CM &a&2 .
Therefore
&(1+|x|2) u&C0 \&(1+|x| 2) a&+&a&32+M &a&2
+B3p \12&
p
4
,
1
2
+
p
4+ &(1+|x|2) b&3p Ap+ .
4. MAIN RESULTS
We first define the sequences of approximate solutions by making use of
the linearized NavierStokes equations (2.1). For this purpose, if a # J1 p &
J1 q (1 p, q<), we select ak # C 0, _(R
3) such that
ak  a in J1 p & J1 q strongly, (4.1)
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and
&ak&p2 &a&p , &ak&q2 &a&q .
We now consider the linearized NavierStokes equations in R3
{
u0
t
&& 2u0= &{p0, in R3_(0, ),
(4.2)div u0=0, in R3_(0, ),
u0  0, as |x|  +,
u0(x, 0)=a0(x), in R3.
and
{
uk
t
&& 2uk+(uk&1 } {)uk=&{pk, in R3_(0, ),
(4.3)div uk=0, in R3_(0, ),
uk  0, as |x|  +,
uk(x, 0)=ak(x), in R3.
for k1. It is well known (cf. Ladyzhenskaya [15]) that there exists a
unique solution uk(k0) to (4.2) and (4.3) satisfying
uk
xi
,
uk
t
,
2uk
xi x j
,
pk
xi
# L2(R3_(0, T )),
for arbitrary T>0, and
uk # L(0, ; L2(R3))
for i, j=1, 2, 3, k=0, 1, ... . It is easy to show that the estimates
&uk(t)&22 &a&2 , |

0
&{u(s)&22 ds4&
&1 &a&22 (4.4)
hold uniformly for k0. Thus we can prove the following result.
Theorem 4.1. Let a # J1 2 and (1+|x| 2)12 a # L2(R3). Then there exists a
solution u which satisfies
u # L(0, ; L2(R3)), {u # L2(0, ; L2(R3)), (4.5)
(1+|x|2)12 u # Lloc(0, ; L
2(R3)) & L2loc(0, ; V), (4.6)
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and verifies the inequalities
&u(t)&22+2& |
t
0
&{u(s)&22&a&
2
2 , (4.7)
&(1+|x|2)12 u(t)&2C(&(1+|x|2)12 a&2+&a&2 t12+&a&22 t
14),
(4.8)
|
t
0
&(1+|x| 2)12 {u(s)&22 dsC(&(1+|x|2)12 a&2+&a&2 t12+&a&22 t14)2,
(4.9)
for all t0. Furthermore, if a # J1 1 and (1+|x|2)14 a # L p(R3) for 65 p<
32, then
(1+|x|2)14 u # L(0, ; L p(R3)), (4.10)
and
&u(t)&2CArt&32(1r&12) for 1r<2, (4.11)
&(1+|x|2)14 u&p
C {&(1+|x|2)14 a&p+&a&1
+(&(1+|x|2)12 a&122 +A
12
65+&a&
34
2 A
14
65)
_&a&72&3p2 A
(3&2p)2p
65 B
(3&2p)2p \1& p3& p ,
p
3& p+
+A3p&3265 &a&72&3p2 B(3& p)2p \1& p2(3& p) ,
p
2(3& p)+= (4.12)
for all t>0 and A65=&a&65+&a&265+&a&
2
2 .
Remark 1. The decay property (4.11) of weak solutions was already
obtained by Kajikiya and Miyakaya [14].
Proof. We apply Lemmas 3.13.3 with M=2(1+&&1) &a&2 and N(r)
=Ar . Thus if a # J1 2 and (1+|x|2)12 a # L2(R3), the estimates
&(1+|x|2)12 uk(t)&2
C(&(1+|x|2)12 a&2+&a&2 t12+&a&22 t14), (4.13)
|
t
0
&(1+|x|2)12 {uk(s)&22 ds
C(&(1+|x|2)12 a&2+&a&2 t12+&a&22 t14)2, (4.14)
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hold uniformly for k0 and t0. If a # J1 1 and (1+|x|2)14 a # L p(R3) for
65 p<32, by the interpolation inequality, a # Lr(R3) for 1r2. Thus
the estimates
&uk(t)&2CArt&32(1r&12) for 1r<2, (4.15)
&(1+|x|2)14 uk(t)&pC(a) \t>0 (4.16)
hold uniformly for k1 and t>0, where C(a) denotes the right terms of
(4.12). We multiply both sides of (4.3) by uk and integrate by parts to get
&uk(t)&22+2& |
t
0
&{uk(s)&22 ds&a
k&22 . (4.17)
Employing estimates (4.13)(4.17) and (4.4), it is now routine to show the
existence of solutions u satisfying (4.5), (4.6), and (4.10). For details, see
Leray [17] and Ladyzhenskaya [15]. By taking into account the lower
semi-continuity of the norms with respect to the weak convergence,
estimates (4.8), (4.9), (4.11), and (4.12) follow from (4.13)(4.16). By (4.1),
(4.17) implies (4.7). K
Theorem 4.2. Let a # J1 32 & J1 p for 1 p<2, and (1+|x|2) a # L(R3).
If conditions
{
&a&22&(1+|x|
2) a&+&a&32
(4.18)
Ap(3C0)3p B3p \12&
p
4
,
1
2
+
p
4+ (&(1+|x|2) a&+&a&32)3p&11
hold, then there exists a unique solutions u to (1.1), which satisfies
u, t12 {u # L(0, , L2(R3)), {u, t12Au # L2(0, ; L2(R3)),
(4.19)
(1+|x|2) u # L(0, ; L(R3)) (4.20)
and verifies the estimates
&(1+|x|2) u(t)&3C0(&(1+|x|2) a&+&a&32), (4.21)
t &{u(t)&22+& |
t
0
s &Au(s)&22 ds2(1+&
&1) &a&22 e
9&&1C 20(&(1+|x|
2) a&+&a&32)
2 t
(4.22)
for all t>0, where C0 is the constant in Lemma 3.4, which only depends on
& and Ap=&a&p+&a&2p+&a&
2
2 .
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Remark. it is obvious that conditions (4.18) hold as long as Ap does
not exceed a constant only depending on &(1+|x|2) a&+&a&32 .
Proof. According to the assumption on a, it is obvious that a # J1 2.
Applying the Lemma 3.4, the estimate
&(1+|x|2) uk&C0 \&(1+|x|2) a&+&a&32+&a&22
+B3p \12&
p
4
,
1
2
+
p
4+ &(1+|x|2) uk&1&3p Ap+ (4.23)
holds uniformly for k0. Similar to the proof of Lemma 3.4, we deduce
the estimate
&(1+|x|2 u0&3C0(&(1+|x|2) a&+&a&32). (4.24)
If (4.18) is satisfied, (4.23) and (4.24) imply that
&(1+|x|2 uk(t)&3C0(&(1+|x|2) a&+&a&32) (4.25)
holds uniformly for k1 and t>0.
We apply the Helmholtz projection P to (4.3), multiply both sides by
Auk, and integrate over R3 to get
1
2
d
dt
&{uk(t)&22+& &Au
k(t)&22=|
R3
(uk&1 } {) uk } Auk dx
&uk&1& &{uk&2 &Auk&2

1
2
& &Auk&22+
1
2&
&uk&1&2 &{u
k&22 .
Therefore
d
dt
(t &{uk(t)&22)+&t &Au
k(t)&22
1
&
&uk&1&2 (t &{u
k(t)&22)+&{u
k(t)&22
which implies that
t &{uk(t)&22+& |
t
0
s &Auk(s)&22 ds
2(1+&&1) &a&22 e
9&&1C0
2(&(1+|x|2) a&+&a&32)
2 t (4.26)
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holds uniformly for k1 and t>0. Using these estimates, it is now routine
to show that there exists a unique solution u satisfying (4.19)(4.22). For
details, see Ladyzhenskaya [15], Lions [18], and Teman [22]. K
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